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Short Introduction

Multi-dimensional Posterior Sampling with Likelihood-Free (simulation based) Models

Computational Physics, Mechanical Engineering, Bio Engineering,...

Challenge in Posterior Sampling

Through MCMC: Need likelihood
Through ABC (Approximate Bayesian Computation): Sampling Efficiency (low acceptance rate)

Through Deep Generative Models

Variational Approaches:

Maceda el al. (2024), ...

Direct Approaches:

Wang and Rockova (2022): W-1 GAN framework with adversarial training

Polson and Sokolov (2023): Quantile modeling for one dimensional setting
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Short Introduction

Support Shrinkage (Posterior Contraction)

64 n=128 n=256

n=2 Nn=3 Nn=32 N

o .

iid Model: X|u, o ~ N(u, c?)
ulo* ~ N(ugy, 6°/x)

8 .

voy o ~ y*(vp)

//lO:O,Uozl,KZZ,UOZZS

n: sample size
data = (X,..., X))
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Short Introduction

Support Shrinkage (Posterior Contraction)

64 n=128 n=256

n=2 Nn=3 Nn=32 N

. e .,
= os ® o
Challenge:

(&) Stable Learning

(&> Automatic Summary Statistics
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Short Introduction

Support Shrinkage (Posterior Contraction)

N=256

n=2 Nn=3 Nn=32 Nn=64 n=128
® &« .
@ @

Our method: Posterior Quantile Learning
Stable Learning (No adversarial training)

Automatic Summary Statistics

Byproduct:
@9 Credible Set Sampling (red lines: convex hull)
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Deep Generative Modeling

Deep Neural Network
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Figure 12.2 Deep network architecture with multiple layers.

Image: https://botpenguin.com/glossary/deep-neural-network
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https://insightfultscript.com/collections/programming/neural-network/resnet/

Deep Generative Modeling

Generators & = {g : % — X |defined by DNN architectures}
Generation X = g*(bt), u ~ randOm(%)
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Deep Generative Modeling

Generators & = {g : % — X |defined by DNN architectures}
Generation X = g*(u), u ~ randOm(%)

d
Goal PX — Pdata

. _ N
Training g%train — {xi}izl C ‘%.’ Xj ™ Pdata

g*¥ =min £ (g,
geESG

train)

Page 3/40



Deep Generative Quantile Bayes



Generative Quantile Modeling
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Generative Quantile Modeling

Quantile for univariate continuous X:

Fy : the cdf of Py, = Fy(X) ~ U(0,1), for X ~ Py

Fy' : quantile function (left continuous inverse)

Fy\(U) ~ Py, for U ~ Unif(0,1)



Generative Quantile Modeling

Quantile for univariate continuous X:

Fy : the cdf of Py, = Fy(X) ~ U(0,1), for X ~ Py
Fy' : quantile function (left continuous inverse)
Fy\(U) ~ Py, for U ~ Unif(0,1)
Quantile Map:

Q:% — X s.t. 1) Monotonic non-decreasing

2 O(U) £ X, for U ~ Unif(0,1)

- ~1
ISFX a.e.

Generation: Fy!
XV = F-{UWY), for UY) ~ Unif(0,1)




Generative Quantile Modeling

Quantile for multivariate continuous X & R4 ~ P.

Vector quantile notion (carlier et al., (2016) and Chernozhukov et al., (2017))

Definition:
Q:% — X s.t. 1) Agradient of a convex function, say, Q,(u) = Vy(u)
2) Qp(U) £ X, for U ~ S%(1)

U~ S%1): U=r¢, r~ Unif[0,1], d ~ Unif(S'(1)),
where r L ¢ and S¢~!(1) is the (d-1) dimensional unit sphere

— Such a map uniquely exists almost everywhere w.r.t § d(l)



Generative Quantile Modeling

Quantile for multivariate continuous X & R4 ~ P.

Vector quantile notion (carlier et al., (2016) and Chernozhukov et al., (2017))

Definition:
Q:% — X s.t. 1) Agradient of a convex function, say, Q,(u) = Vy(u)

2) Qp(U) £ X, for U~ S4(1)

U~ S%1): U=rp, r ~ Unifl0,1], d ~ Unif(S“~1(1)),
where r L ¢ and S¢~!(1) is the (d-1) dimensional unit sphere

(Jp as a gradient of a convex function implies:

|Op(u) — QP(u’)]T(u —uy>0forallu,u’ € %

It can be seen as a generalization of the monotonicity requirement



Generative Quantile Modeling

When P has finite second moments, (J» is the Monge-Kantorovich optimal transport map,

Op=arg min kg g [|QWU) - o
Q:0#F =P

Dual problem:

@:%U—>RU{+00}

Yy = arg int (J'(deU + Jqﬂ*dP)

where @*(x) := sup [x'u — w(u)] is the convex conjugate
UEYU

By Brenier Theorem (1991), we know V(i) = Qp(u)

It is known that this optimal /(1) is convex



Generative Quantile Modeling

Extension to the conditional case

For a fixed X = x, the conditional quantile map is a gradient of a convex function with respect to u,

Q6’|X=x(u) — VMW(M,X)

Primal problem:

minE||0 - U||*: U~ F,,U L X
U

Dual problem:

y = arg int ( Jgp(x, u)F(dx)F(du) + J(p*()@ OFy (dx, d@))
P
where @*(x, 0) is the convex conjugate
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Vector Quantile for Generative Bayes

Assumption 1: We assume that the quantile map (), is affine F(X)

There exists some summary statistics f(X) that satisfies X L 8 | f(X) and

y(u, x) = pu) + b(u)' f(x)

Relaxation of the condition: from f(X) L Uto E[f(X)| U] = E[ f(X)]

>Dual: 1nf ( JQB(M)F p(du) + [@(f (x), O F X,Q(dxa d@))

b,

P(f(x),0) = mea?ii[uTH — ¢(u) — b(u)' f(x)]

Q.U — |
b: % — R
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Deep Generative Quantile Bayes

The Objective:

N

L\ bf | X.0.0)= Y (@U)+ max {u76:- p(U) = bU)T XD} ),

...
i=1 JEULN

where the data is generated by 0, ~ 7(0), X. ~ P(x|6))
and independently, U] ~ S91)

We optimize the summary statistics f and the transport @, b together
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Automatic Learning for Summary Statistics

Summary Statistics design:

Deep Set :

A neural network design for permutation invariance among the observations

LSTM:

A neural network design to reflect dependence among the observations
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Credible Set Computation

Credible Set Computation:
Monge-Kantrovich Data Depth: the Tukey depth on the reversed distribution Qp_ LX)

the MK-depth region with probability content 7 € (0,1) is identical to Qp(Sd(T)).
Nested structure: 7 < 7/, Qp(Sd(T)) C Qp(Sd(T’)).

Figure 1: The data depth on a banana shaped dis- O 1
tribution.  Left: Halfspace depth (Tukey, 1975). Q_
Right: Monge-Kantorovich depth (Chernozhukov p

et al., 2017). The right one aligns more with our nat-
ural idea of credible set. Copied from Chernozhukov
et al. (2017).



Convergence Theorem

Under mild regularity conditions and Assumption 1,

For any closed subset K;; C % and Ky, C 2 as N — oo,

SUp Héfg\]x:x(u) o QH\sz(M)H — 0

ueK; xeKy

Furthermore, for any closed subset Ky, C X,

sup Wo(ZN@0 | X = x), 7(0 | X = x)) — 0.

xeKy

Similar convergence results for the credible set.
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Experiment

Brock and Hommes (1998):

1 H
Xl = » Z Mr1(80% + by) + €141
h=1
exp(pU h,t)
Mpt1 =

21};1 exp(pUp,)

U,, = (x,— Rx,_)(gX;_» + b, — Rx,_;)

e, ~ N (0,6°)

p=1200H=4,R=101,6=004, g, =b,=b,=0, and g, = 1.01

0 =(gy,by,83,03), Y := (i, V9, ..., y7) ~ p(X | 0%) represents the pseudo-observation, with
T =100, and 0* = (g;‘, b;“, ggk, bgk) = (0.9,0.2,0.9, — 0.2) as the parameters used to

generate y. The priors are specified as g,, b,, g3 ~ %(0,1), while by, ~ % (—1,0).
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Experiment

Brock and Hommes (1998):
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Figure 3: The Brienier map results on Brock Hommes

Model, with convex hull corresponding to 7 €
0.5,0.6,0.7,0.8,0.9] (red) and 7 = 1 (blue). Red stars:
the true parameters.



Comparison with Existing Works
Wang and Rockova (2022) -

The first work that applies deep generative models to likelihood-free posterior sampling

It learns the joint distribution of (&, X)

It optimizes W-1 distance through adversarial training

Our work optimizes W-2 distance: no adversarial training

Once the distance is computed we instantly optain the optimal generator

Polson and Sokolov (2023): Training of the quantile map —> One dimensional case
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Limitations

Efficiency: issues common in deep learning based posterior sampling

Not learning P(0| X)) but P(6| X) for any generic X ~ Py

When P(0| X) is very complex in X, we invest too much computational
power and memory to learn P(0| X), X # X, that will not be used

Need for a large number of training data

When simulation takes long time (one point generation takes five days),
generating sufficient amount of data for training is not plausible

Credible Set:

Not the standard credible set if the posterior is not unimodal and symmetric
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Summary

Our Deep Generative Quantile Bayes

Vector Quantile Formulation (Monge-Kantrovich Data Depth): push-forwawrd from spherical distribution

Optimizing 2-Wasserstein distance

-> No adversarial training: Stable Optimization

Sampling from the Credible Set (estimation: convex hull)

Automatic Summary Statistics Learning

-> No need to manually choose summary statistics

-> Acheives Support Shrinkage

-> Scalable Learning
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Thank you!

For more theoretical/numerical results:
Please check out https://arxiv.org/abs/2312.05411

About me: https://jungeumkim.com/



