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BART: Bayesian Additive Regression Tree v

Chipman, George and McCulloch (10)
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Bayesian Classification and Regression Tree &

»

Chipman et al (98), Denison (98)
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Chipman et al (98), Denison (98)

Y=F(x)+€, ¢ ~N(01|)
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Bayesian Classification and Regression Tree
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Bayesian Classification and Regression Tree

' : Binary tree
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Bayesian Classification and Regression Tree

I ~ 1(T)

Chipman et al (98), Denison (98)
Step function:

1) Partition:

2) Jumps: regression function Yo £ +E, € ~N(o.)

(Very non-parametric modeling) j

I ~ 1(T) L(Y|T)
(T |Y)xa(T)LY|T)

Rockova and Castillo (2021), Rockova and Rousseau (2023)



How to sample from z(7 | Y)?MCMC

The MH algorithm = 9, ~ P(- |9, ) Proposal of Bayesian CART
Given I ,_,, GROW PRUNE

1. Generate I ~ S( - | T 1)

2. Accept (T, = 9) with probability a, where \

| T Y) S(T,_119)
o =min < 1, — —
ﬂ(‘/ —1 ‘ Y) S(97|5’7t_1)

S( - Z 1.S (-1 ,), where M = {grow, prune}

meM



»

Mixing Rate: How fast?

Pt(“go)%ﬂ("Y)

P(- 1%, 18

Good algorithm: Fast convergence

Mixing rate : convergence speed.



Literature: Mixing rate can be slow

Bayesian CART mixes slow: Wu et al (2007), Chipman et al (2010).

New movements: Gramacy and Lee (2008),
Lakshminarayanan et al. (2015), Pratola (2016)

New initializations: He and Hahn (2021)

(Theoretical) Exponentially slow mixing : Ronen et al (2022)

In multi-dimensional setting

GROW and PRUNE

Our investigation : The mixing time highly depends on the data structure !
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Tree shaped wavelet reconstruction

Haar wavelet basis

W_19(X) = 1[(),1](x)
wp(x) = 2"w(2'x — k),

where yy = 1(0,1/2] — 1(1/2,1]




Trees and Wavelets (Duality)

Donoho (1996)



Trees and Wavelets (Duality)

Donoho (1996)
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Model

Data: ¥; = fy(x) + ¢,

£; i A0,1), i=1,...,n

fo = D wpE, for & c (k) :1<L)
(l,k)exrs

Model: Y = Xf* + €
Xgridd &' ={x,=i/n:1<L1<n}

X

Y

Design matrix: X = (x;;

{

W_10(x;) = 1
Wir(xX;)

l])(nxp), where p = L

for j=1
for j=2'+k+1.



Bayesian CART prior

Tree -shaped wavelet shrinkage prior Galton Watson Process
C/ ~ C/ -
{'Blk}lSLmaX,k‘ J ~ ll(py) & ® 00(Pi) -
(l’k)ﬁgint
[(7) H Pik H (I = py)

Loes,,  (LkeT,,

G-prior (g, = n)

Posterior (I |Y) x a(5)L(T |Y)



Bayesian CART prior

Tree -shaped wavelet shrinkage prior Galton Watson Process
C/ ~ C/ -
{'Blk}lSLmaX,k‘ J ~ ll(py) & ® 00(Pi) -
(l’k)ﬁgint
[(7) H Pik H (I = py)

Loes,,  (LkeT,,

exp { —=Y[I - X% X5 ] 'Y}

LY|T) =
( ‘J) (271-)7’1/2(1 4 n)\gesz G'priOr (gn — n)

Yo = c,(X5Xg) " with ¢, = n/(n+ 1)

Posterior (I |Y) x a(5)L(T |Y)



Assumptions

Data: ¥, = fy(x) + €, ¢ < N(O0,1), i=1,...,n

fo) = D wppE, for B c {(Lk) : 1< L)
(LLk)es

Signals: A log n/\/ﬁ < | l}‘z\ < C forall ([, k) € 95 forsomeA > 0, Cr > 0.

J % € T;: the smallest tree that contains all signals 93
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Consistency: With probability > 1 —4/n, ﬁ
n(T*|Y)>1—-0(1) .
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Assumptions

Data: ¥, = fy(x) + €, ¢ < N(O0,1), i=1,...,n

fo) = D wppE, for B c {(Lk) : 1< L)
(LLk)es

Signals: A log n/\/g < | ;}2\ < C forall ([, k) € 95 forsomeA > 0, Cr > 0.

J % € T;: the smallest tree that contains all signals 93

< Trug) Variable selection: 4 Tm@
Consistency: With probability > 1 — 4/n, @/

Ay/logn/n < |p%| < C,
@ Yang et al (2016)

n(T*|Y)>1-o0(1)



Assumptions

Data: Y; = fo(x;) + €, & %Z/V(() ), i=1,...,n

fo) = D wppE, for B c {(Lk) : 1< L)
(LLk)es

Signals: A log n/\/g < | ;‘l;\ < C forall ([, k) € 95 forsomeA > 0, Cr > 0.

J % € T;: the smallest tree that contains all signals 93

(Connected signals) Assume that % € T,, i.e. =% R ?
TXX o

(Disconnected signals) Assume that %8 & T, (at least all preterminal nodes are signals) :



Data looks like:
(Connected signals) 7 * = % (Disconnected signals) &% & T,,

o

10.0 -
15 - 75 -
10 - 5.0 -
; - 25 -
0.0
0..
-2.5
_.5-
-5.0
-7.5
do dz Qk Ok Ob lb T T T T T T

0.0 0.2 04 0.6 0.8 10



Mixing time

PY(T, -) : the distribution of the state at time ¢ with an initial condition

The total variation distance to the stationary distribution after 7 iterations

Ag ()= |IP(T,-)—TI[- \Y]HTVEI;é%X\Pt(gaS)—H[S\Y]\

Definition NG

T
The e-mixing time of the Markov chain is defined as M

r = max min{tre N : A1) <e forall ¢>1} L,\_?

g el; CE +
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Theoretical and Numerical Results

1. Bayesian CART

2. Twiggy CART

3. Informed MCMC




1. Bayesian CAR'T

Proposal of Bayesian CART
GROW PRUNE




Connected Signals: Rapid Mixing

® Theorem 1 (Bayesian CART algorithm)

Assume the connected signals.

2L+3 1 - 2 7 3k 2
7, <2 n c+5 10g(1+n)+\J;‘;lt\CfO+1 +4 157 [logn +log | —

€

with probability at least] — 4/n.

p = 2L the number of problem parameters (2L < /2
( )

| 7% | : the number of internal nodes of true tree J*

C;: the bound for the maximum signal strength



Disconnected Signals: Slow Mixing

® Theorem 2 (Bayesian CART algorithm)

Assume the disconnected signals. There exists f, such that

L-2
L\ 1| n24-1
(P > lOg 2— Z C -3
€

with probability at least] — 4/n for some C > 1.

Deeper the signal is, worse the mixing rate becomes.




B-CART

Rapid

Slow
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Type 1

Connected Signals
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Type 2

Disconnected Signals

A AP T2 A
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The monkey became hungry on the way to the apple tree

went back home.
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* SO

Type 2

went back home.

,.(f.v‘w.uﬁ. «

A
N
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Disconnected Signals
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Type 2

Disconnected Signals

A AP T2 A
o

7 w‘.«mu)
D)

* SO

The monkey became hungry on the way to the apple tree

went back home.



From Rootto I *

Important: 7(J | Y) «x #(I5)L(Y|T)

exp { Ly - X,z X, ’Y}
L(Y|T) =

[nitialization: & ; = (0,0) QY21 + )7 eil2

Metropolis-Hastings algorithm

~

1. Generate & ~ S( - | ,_)

2. Accept (7, = ) with ),

WL ® @

| { W TY) ST _19)
a=min-< |

’ﬂ(gtl\Y)S(97|97t—1)} Xy LT XN o







Spectral Gap

Spectral gap: Gap(P) =1 -4

may Where 4, = max{4,, |4}

Sinclair (1992) [f the chain 5, ...,  from P is ergodic,

log[1/ming ¢ II(7 | Y)] + log 1/e

1 1 1
— —1)log|—| £ 7. <
2 \ Gap(P) 2€ Gap(P)
.= P+ .
By considering P = S all eigen values made non-negative

1) The chain: ergodic 2) Gap(P) =1 -1,



P =VAVT Pk — yAKYT
1 0
h=1>4h>1h>...20 lim Ak= | 0 O
k— 00 : .
0 0

Y/

Y/

= vv!, where v is the first coloumn of V

Y/

k— 00
—>

SERS

O O



Proof of rapid mixing - -

Sinclair, 1992 (Canonical Path)

For any reversible Markov chain and any choice of &

Gap(P)™' < (&)p(&)

I & : Simple path between (7,7) € TX T

& : Canonical path ensemble:

= (T, o

(T, el

<Graph (Adjacency: P)>

R
]
» 07

\
%




Proof of rapid mixing - -

Sinclair, 1992 (Canonical Path) 60oe

For any reversible Markov chain and any choice of &

Gap(P)™' < (&)p(&)

< Canonical Path >

A‘.‘_.a
e
L,
Bl cas
. e

[(&): the length of the longest pathin &

p(&): the path congestion parameter of &




Proof of rapid mixing - -

Sinclair, 1992 (Canonical Path) 60oe

For any reversible Markov chain and any choice of &

Gap(P)™' < (&)p(&)

< Canonical Path >

.\»"v" S

b Ve
Bl o
o ¥

[(&): the length of the longest pathin &

p(&): the path congestion parameter of &

Yang et al, 2016 (Variable selection)
&I > IT* > T’ D

WA
T Ve Oy e




Congestion parameter

1 : th l ity of
p(cg) — max 2 H(QG/V‘ Y)H(Pf’\ Y) O(e): t enatura/capacntyo e |
ecs ((e) 0)=0T.,.9) =T |V)P(T,T)
(9,9’)1€€T9,9f
(AT | Y) 1 y
S 2max —-————¥——¥— max(l,a ) G(9):thenexttreeof I in &

g wT|Y) ST = G(T))




Canonical Path (Sinclair, 1992) [ 2.

Our Canonical Path
PRUNE _ GROW - PRUNE _
Partial Overfit . Underfit . E Overfit
Posterior Shaping Congestion parameter
N\ Ok
(T |Y) 7

n(A(T)|Y) 1 1
max max(l,o ')
g  w(T|Y) ST - G(9))




Canonical Path (Sinclair, 1992) ¢

Our Canonical Path
PRUNE _ GROW - PRUNE _
Partial Overfit . Underfit . E Overfit
Posterior Shaping Congestion parameter

A
(T |Y)

p(&) < 2 max mA)IY) : max(1,a"")

g wT|Y) ST = GT)



Bottleneck ratio bound (Sinclair 1992) «

C
Lower Bound A A€

g*

To—LT

®?/2 < Gap(P) < 2®

Ability to escape from any small region of the state space

ZPI €A, T'eT\A (7 ‘ NP(T,77)
® = min :

O<II[A|Y]<1/2 [IA|Y)




Twiggy CART

The Spiderman directly flew to the apple tree I *,
and ate instant rewarding apples.




1
SC-|T)) = 5 Z 1.5 (-1 ,), where M = {twiggy grow, twiggy prune}

meM



Both type Signals: Rapid Mixing

Theorem 3 (Twiggy Bayesian CART algorithm)
Assume the connected signals or disconnected signals.
With | T * | < log®n,

int

Tg S 22L+3 {n

1
(c+5) log(1+n)+ [T C]%+1

2
+4 |7 % |logn + log (;)}

with probability at least]l — 4/n.

p = 2% the number of problem parameters (2° < n/2)

C;: the bound for the maximum signal strength



Bottleneck Broken

F&&é%?% e
@
@

@ LT

The Spiderman directly flew to the apple tree 5 *, (T |Y) xa(T)L(T|Y)

and ate instant rewarding apples. . N
(T YY) ST | )

a = min ,—— =
(T 1Y) S(T T 2))



Canonical path
broken by B-CART moves

Twiggy effect

Canonical path
recovered by Twiggy moves

(T |Y)

A Vi
.W
o ﬁ .,_ ) H o



Why not small mini-trees?

' Twigs Mini-
Congestion parameter Twigs| << Mini-trees|

p(&) < 2max mAT)1Y) : max(1,a~")

g woTJ\Y) |S(T - G(T))




Original Moven{}

Our Contribution

New Movement

Rapid

Slow

Rapid

Rapid




Informed MCMC




Informed Proposal

Zanella et al (2020), Zhou et al (2022)

wAT | T) = A O, Z~(T) = wA(T | T
T 1) =~ A dN =) wy(T|T)
TeN (T)
~ (T |Y -
wp(T | T) =1V U )Aap, Z( )= ). weT|T)
(T |Y)
TeN (T




Informed Proposal

Zanella et al (2020), Zhou et al (2022)

wA(T | T) = A O, ZA(T) = wAT | T
T 1) =— 3 A dN =) wy(T|T)
TeN (T)
~ (T |Y -
wp(J | T) =1V U )A(SP, Zp(T) = 2 wp(J | T)
(I |Y)
TeN (T)




Improved Mixing rate

Theorem 3 (Informed Twiggy Bayesian CART)

Assume the dis/connected signals.

9C? 9L
7. S log(6/¢) max b = 7 , 285 )
A2 log?n

with probability at least]l — 4/n.

p = 2L. the number of problem parameters (2" < n/2)

Similar result on the informed Bayesian CART,
on connected signals.




Disconnected Signals: Slow Mixing

® (Informed Bayesian CART algorithm)

Assume the disconnected signals. There exists f, such that

L-2
L\ 1| n?4-1
(P > lOg 2— Z C -3
€

with probability at least] — 4/n for some C > 1.

@ Deeper the signal is, worse the mixing rate becomes.




Drift Condition

ForA C T,,definer, =min{r>0: 95, €A}

g : (f3V: 1, - [l,00)and 44 € (0,1) such that

Eg _o V(T )| <aV(T) forall T e A

Drift condition = Entering condition: Entering to A would not be too late!

= forany S € T,, Py (t, >1) <A'V(T) forallt €N



Drift Condition

ForT* € I,,definet* =min{r>0:9 = I%]

y (f3V: 1, - [l,00)and 44 € (0,1) such that

E;_ V(T <) forall T # T+,

0

=>||P(T, ) =T[ - | Y17y < 2V(T)A™! (Jerison,
2016)

Drift condition = Hitting condition: Hitting & * would not be too late!



Drift Condition

w Forg*eT,definer* =min{r>0:5,=9%]

p S f3V: 1, - [l,00)and 34 € (0,1) such that

E;_ V(T <) forall T # T+,

0

Informed Algorithm: .
(T |Y)<<a(T|Y)

Design intension for V' :

If T is a desired movement, V() > > V(P7 )



Our Drift Functions

Two drift condition (Zhou et al., 2021)

1 |
Vi(T) =ex YI(I - P/n)Y
1) p{Cj%nz/Z( U= ))}

=> Escape underfit!

| exp { |7, \T 5,112} if T overfits |
- Vo(T) = .
| exp{1—|T%,|/25}  otherwise

=> Escape overfit!



Our Drift Functions

Escape underfit! Escape overfit!

7

Vi(T )=exp{ — (YT(I—Pg/n)Y)} |V
CO n=[2 ‘

=> Escape underfit!

, ,’ Vg,

| Vi = exp{|7,\7 5,112t} if 7 overfits | | .
7 exp {1 —|T%,|/2¥}  otherwise | | ’: 'g : : : |
i il

=> Escape overfit! |

We apply two drift condition of Zhou (2021)
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Hitting Time (Log10)

Performance of Original Proposal
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Our Contribution

Type A Type A€

Original Moven{ Rapid Slow

New Movement Rapid Rapid

Informed Movemen Improvement Improvement?




Today’s key message

1. GROW, PRUNE: myopic — The mixing depends on the data structure

Vs ®

2. We may need more global movements

3. We may also need to open the eyes when moving (Informed MCMC)



Today’s key message
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3. We may also need to open the eyes when moving (Informed MCMC)



Today’s key message

'@' 1. GROW, PRUNE: myopic — The mixing depends on the data structure

B\7
fp{.‘: 2. We may need more global movements

LN

3. We may also need to open the eyes when moving (Informed MCMC)



Today’s key message

'@' 1. GROW, PRUNE: myopic —The mixing depends on the data structure

fp{.‘: 2. We may need more global movements
o’},‘-_’—,‘g
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Why Not Drift Conditions for Original B-CART?

4C V(T | S
E%ﬂ[vm]_” 2 ) (V(P/”\Y) )P(‘”‘”

me[Grow,Prune] €N (T)

VT |Y) I
> 1 + Z (V(P/”\Y)_1>S(J — )

V()< V(T)



Twiggy effect

Bottleneck Bottleneck
made by B-CART moves broken by Twiggy moves




Two Drift Conditions

ForA C 9 ;and T* € A,
it AV,,V,: 9, - [l,00)and 4,4, € (0,1) such that

(PVT) <A, V((T9) forall T € A€,

Zhou et al (2022)

(PVYT) <L, V,(T) forall T € AT*.

With some additional regularity conditions on V; and V,,

V(T
|PI(T, - ) — 7|y < 40‘(/119/12)t+1(1 + 1](\4 )),

where a(4,, 4,) is an increasing function of 4, and 4,



Two Drift Conditions

ForA C 9 ;and T* € A,
it AV,,V,: 9, - [l,00)and 4,4, € (0,1) such that

Es _gIVi(TDI <4, Vi(T) forall T €A,

Zhou et al (2022)

Es _gIVo(T DI < LVy(T) forall 7 € AAT*.

With some additional regularity conditions on V; and V,,

V(T
|PI(T, - ) — 7|y < 40‘(/119/12)t+1(1 + 1](\4 )),

where a(4,, 4,) is an increasing function of 4, and 4,



Canonical Path (Sinclair, 1992) ¢

Our Canonical Path
PRUNE _ GROW — PRUNE |
Partial Overfit . Underfit . E Overfit
Posterior Shaping Exponential Lower Bound

g*

A
(T |Y)

A
S




