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Our Contribution 

1. Query efficient ABC

2. Likelihood Free MAP 
(Maximum a Posteriori)

By Combining Tree with 
Active ABC learning

π(θ |X0)



Background 



Bayesian Posterior Sampling 

Backward 
Sampling

Likelihood given : MCMC —>  π(θ |X) ∝ L(X |θ)π(θ)

Model

Conjugate Prior : Closed form π(θ |X)



Forward 
Sampling

Likelihood given : MCMC —>  π(θ |X) ∝ L(X |θ)π(θ)
Likelihood unavailable: ABC - use forward sampling (simulation)

Model

Conjugate Prior : closed form π(θ |X)

Backward 
Sampling

Bayesian Posterior Sampling 



ABC (Approximate Bayesian Computation)

πε(θ |X) ε→0⟶ π(θ |X)

Forward 
Sampling



ABC Dilemma
Small : ε

Sample quality  ↑

Efficiency (acceptance)  ↓

Large : ε

Sample quality ↓

Efficiency (acceptance) ↑

Goal: Query Efficient ABC

Small  and acceptance  ε ↑

Forward 
Sampling



Importance weighted ABC

We will learn proposal  can be learned actively by the history (                           )q(θ)



Our Approach 



q(θ) =
K

∑
k=1

qk × π(θ |Ωk)𝕀{θ ∈ Ωk},  where Θ = ∪K
k=1 Ωk

1. Partition Perspective

2. Active Learning perspective
Question 1) How to get partition? (Outer Loop)

Question 2) How to get ?           (Inner Loop)qk



Question 1) How to get partition? 


-> Tree fitting in the outer loop




Y(t) = ABC(Xt, X0, ε)

Outer Loop: Partitioning by   

Θ

πε(θ ∣ Xt) ∝ π(θ)𝔼Xt|θ[ABC(Xt, X0, ε)]

We will learn by Y(t) = ABC(Xt, X0) =



Y(t) = ABC(Xt, X0, ε)

Θ

Outer Loop: Partitioning by   



Outer Loop



Question 2) How to get ?qk

-> Thompson Sampling in the inner loop




Multi-arm Thompson sampling

μ = 𝔼[Y] = ?

Bandit Machine

Y ∈ {0,1}

μ ∼ Beta(α, β)

Y ∼ Ber(μ)

μ |Y ∼ Beta(α′￼, β′￼)

α′￼ = α + Y

β′￼ = β + (1 − Y)



Multi-arm Thompson sampling

μ = 𝔼[Y] = ?

Bandit Machine

Y ∈ {0,1}

μ ∼ Beta(α, β)

Y ∼ Ber(μ)

μ |Y ∼ Beta(α′￼, β′￼)

α′￼ = α + Y

β′￼ = β + (1 − Y)



μk = 𝔼[ABC |Ωk]
Inner Loop: learning qk



μk = 𝔼[ABC |Ωk]
Inner Loop: learning qk



μk = 𝔼[ABC |Ωk]

Inner Loop: learning qk



μk = 𝔼[ABC |Ωk]
Inner Loop: learning qk



̂p(T)
Ωk

∝ π(Ωk)
α(T)

k

α(T)
k + β(T)

k

πε(Ωk ∣ Xt) ∝ π(Ωk)𝔼Xt|θ,θ∼π(θ|Ωk)[ABC(Xt, X0, ε)]

Arm Choice for Posterior Sampling

(α(T)
1 , β(T)

1 ) (α(T)
2 , β(T)

2 ) (α(T)
3 , β(T)

3 )
Cat{p̂(T)

Ω },Choose Arm by , where p̂(T)
Ω = ( ̂p(T)

Ω1
, ̂p(T)

Ω2
, ̂p(T)

Ω3
, ̂p(T)

Ω4
)

Exploitation and Exploration:

πε(θ ∣ Xt) ∝ π(θ)𝔼Xt|θ[ABC(Xt, X0, ε)]

→

Estimate bin posterior by



(α(T)
1 , β(T)

1 ) (α(T)
2 , β(T)

2 ) (α(T)
3 , β(T)

3 )
Cat{p̂(T)

Ω },Choose Arm by , where p̂(T)
Ω = ( ̂p(T)

Ω1
, ̂p(T)

Ω2
, ̂p(T)

Ω3
, ̂p(T)

Ω4
)

Exploitation and Exploration:

̂p(T)
Ωk

∝ π(Ωk)
α(T)

k

α(T)
k + β(T)

k
Estimate bin posterior by

Pulling the best arm may not always be good!
-> Importance weight variance


Arm Choice for Posterior Sampling



(α(T)
1 , β(T)

1 ) (α(T)
2 , β(T)

2 ) (α(T)
3 , β(T)

3 )

Regularized Exploitation and Exploration:

Choose Arm by Cat{q1, q2, q3, q4}

q*(p) = arg max
q:∥q∥1=1

ωp(q) .(q1, . . . , q4) = q*(p̂(T)
Ω ), where

ω2
p(q) =

∑K
k=1 qk pk /πk

∑K
k=1 pkπk /qk

.For example: 

(Alsing et al. 2018) sampling efficiency

̂p(T)
Ωk

∝ π(Ωk)
α(T)

k

α(T)
k + β(T)

k
Estimate bin posterior by

Arm Choice for Posterior Sampling



(α(T)
1 , β(T)

1 ) (α(T)
2 , β(T)

2 ) (α(T)
3 , β(T)

3 )

Regularized Exploitation:

Choose Arm by Cat{q1, q2, q3, q4}

q*(p) = arg max
q:∥q∥1=1

ωp(q) .(q1, . . . , q4) = q*(p̂(T)
Ω ), where

̂p(T)
Ωk

∝ π(Ωk)
α(T)

k

α(T)
k + β(T)

k
Estimate bin posterior by

sup
p

RTL(𝒜′￼, p) ≲
K2 log2(T)

T
 and  inf

𝒜
sup

p
RTL(𝒜, p) ≳

K2

T
where the infimum is taken over all possible strategies 𝒜 . T : time, K : # of bins

Theorem Given  π(Ωk) = 1/K, k = 1,...,K, and with 𝒜′￼ : our algorithm,

Given regularity conditions, our algorithm is very good at optimizing the regret

RTL(𝒜, p) := ωp(q*) − 𝔼 [ 1
T

T

∑
t=1

ωp (q̂(t))]

Arm Choice for Posterior Sampling



(α(T)
1 , β(T)

1 ) (α(T)
2 , β(T)

2 ) (α(T)
3 , β(T)

3 )

Arm Choice for Maximum a Posteriori (MAP)

̂p(T)
Ωk

∝ π(Ωk) ×
α(T)

k

α(T)
k + β(T)

k
̂pΩ
k (θ |X) =

̂p(T)
Ωk

|Ωk |
 for θ ∈ Ωk,

arg max{ ̂pΩ
k (θ |X)}K

k=1Exploitation: Pull

Estimated average posterior in each bin:

Importance weight variance: No worries-!




(α(T)
1 , β(T)

1 ) (α(T)
2 , β(T)

2 ) (α(T)
3 , β(T)

3 )

̂p(T)
Ωk

∝ π(Ωk) × ηk̂pΩ
ϵ (θ |X) =

̂p(T)
Ωk

|Ωk |
 for θ ∈ Ωk,

Exploitation: Pull arg max{ ̂pΩ
k (θ |X)}K

k=1

Sampled average posterior in each bin:

(η1, η2, η3, η4) ∼
K

⨂
k=1

Beta (α(T)
k , β(T)

k )Exploration:

Importance weight variance: No worries-!


Arm Choice for Maximum a Posteriori (MAP)



(α(T)
1 , β(T)

1 ) (α(T)
2 , β(T)

2 ) (α(T)
3 , β(T)

3 )

̂p(T)
Ωk

∝ π(Ωk) × ηk̂pΩ
ϵ (θ |X) =

̂p(T)
Ωk

|Ωk |
 for θ ∈ Ωk,

Exploitation: Pull arg max{ ̂pΩ
k (θ |X)}K

k=1

Sampled average posterior in each bin:

(η1, η2, η3, η4) ∼
K

⨂
k=1

Beta (α(T)
k , β(T)

k )Exploration:

Theorem Given , with π(Ωk) = 1/K, k = 1,...,K
for any , there exists  a constant  such μ = (pΩ1

, …, pΩK
) Γμ

Moreover, any algorithm  must satisfy .𝒜 P( ̂k(T)
𝒜 ≠ k*) ≥ exp(−T(2Γμ + o(1)))

P( ̂k(T)
𝒜′￼

≠ k*) = exp(−T(Γμ + o(1))) .

rT = πε(θMAP |X) − πε(θ̃(T) |X)
Given regularity conditions, our algorithm is very good at optimizing the regret

, where : the center of the bin chosen at time θ̃(T) T

: the bin index having the true MAPk*

𝒜′￼ : our algorithm,

Arm Choice for Maximum a Posteriori (MAP)



Algorithm



(b) True ABC Posterior(a) Sequential Proposal Distributions

CART

BART

Dyadic

Example Posterior Sampling



Example MAP (Maximum a posteriori) (a)

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)



Experiment



X = G(θ) + ϵ, θ ∼ N(0,Idθ
), ϵ ∼ N(0,σ2

0 Idx
)

X = (Xobs, Xmask)

θ̃ ∼ π(θ |Xobs)

X̃θ̃ = G(θ̃) + ϵ, ϵ ∼ N(0,σ2
0 Idx

)

Model:

Data:

Sampling:

Unmasking:

Generative Unmasking Problem 

G



X = (Xobs, Xmask)

Posterior Sampling: Multi-modality captured-!



Likelihood-Free MAP: X = (Xobs, Xmask)
smaller MAP regions-! 



n_leaves = 10
n_leaves = 1000

Maximum size of trees



Concluding Remarks



Our Contribution 

1. Query efficient ABC

2. Likelihood Free MAP 
(Maximum a Posteriori)

By Combining Tree with 
Active ABC learning
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(Maximum a Posteriori)

By Combining Tree with 
Active ABC learning
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Thank you!

For more theoretical/numerical results:  
Please check out https://arxiv.org/abs/2404.10436

Any comments on the slides and my presentation are appreciated-!! 

And, thank you, Veronika and Sean-!

https://arxiv.org/abs/2404.10436

